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Abstract 

We use the discrete group 5](81) = (Z3 XZ3 XZ3) X1Z3 to suggest a relation among the 
off-diagonal entries of the neutrino mass matrix, as well as to explain the muon magnetic 
moment anomaly, a^j^^ — ~ 10^^. We predict three new nearly degenerate Higgs 
doublets with masses of order ~ 500 GeV to ~ 1 TeV, and three nearly degenerate 
SM-singlet TeV-scale neutrinos. The largest scale in the model is ~ 10 TeV, so there 
is no severe hierarchy problem. The appendix is devoted to the group theory of S(81). 

I Introduction 

The matter content of the Standard Model (SM) of particle physics comes in three genera- 
tions, which are identical except for their widely disparate mass scales. At sufficiently high 
energie^ all particles become effectively massless, and so it is possible that a high energy 
completion of the SM is symmetric under permutation of the generation labels [1]. If we 
insist that the fermions acquire mass perturbatively from the Higgs mechanism while having 
Yukawa couplings of comparable magnitudes, then we must extend the SM to include mul- 
tiple Higgs doublets, which are to be permuted along with the fermion generations. 

The challenge for all models of this type is how to implement a permutation symmetry 
that can accommodate the relations ^ ^ mi, and <^ ^ nit for the quarks, 
and nte ^ <^ m,- for the charged leptons, while at the same time allowing for nonzero 
mixing angles in the CKM and PMNS matrices. 

Among the myriad theoretical possibilities, we will take motivation from one particular class 
of multi-Higgs models, the models of "Private Higgs"-type [21 [3], and extend the idea to 
include a permutation symmetry. This will immediately suggest a particular non-abelian 
discrete flavor group, S(81) = (Z3 x Z3 x Z3) x Z3, which was first applied to leptons by E. 
Ma |1] and later studied by other authors [Sj. 

The Private Higgs philosophy is to introduce a Higgs doublet 0g for each quark q = d,s, b, u, c, t 

^For the quarks, "sufficiently high energy" means larger than the top mass nit « 173 GeV, wliile for the 
leptons the required scale is much lower, given by the t mass rriT « 1.78 GcV. 
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and a Higgs doublet (j)a for each charged lepton a = e, /x, r. The fermions are supposed to 
obtain masses from the Yukawa interaction^] 

-^^Yuk = ^ [VDaQa- (pDada " VUaQa (t^ujia) + ^ Va^a 0a 6^ + h.C. (I.l) 

a = 1,2,3 a = e,ii,T 

The mass of the each fermion is then determined by the vacuum expectation value (VEV) of 
its associated Higg^ doublet: 

md,s,b = yd,s,b{<Pd,s,b) . ^n,c,t = yu,cA<P'i,c,t) . ^e,t,,r = 2/e,A.,r (0e,^,r ) ■ (1-2) 



To ensure that each Higgs serves only its associated fermion in Eq. (I.l), we need to impose 
a family-dependent discrete symmetry [8]. For simplicity and concreteness let us first focus 
on the charged leptons. Observing that each Yukawa interaction is a product of three fields, 
we impose the symmetrjj^ 

Z^xZ^xZl . (1.3) 

The group Zg multiplies the fields £e = (^'e,e), 0e = {4>ey^e)y = e by the phase 

CO = e*^'^/^, and leaves the other fields alone. The other Zg for a = fj.,T are defined analo- 
gously. 

We would now like to suppose that the three lepton generations are interchangeable above 
nir and therefore impose a symmetry that cycles the fields as (£e0ee, ifj,(p^iji, iT4>TT^) — ^ 
{ir<pT^',^e4>e(^,^fl<P^J^) ~^ (^^j^^t/^, -^r^r^, 406^) . Slucc the label a = e,/i,r is now supposed 
to denote a triplet representation rather than a collection of singlets, the transformations of 



Eq. (1.3) do not commute with those of [S]. 

Thus we are led quite naturally to consider the non-abelian discrete group 

E(81) = {Zl xZ^x ZD X Z^ . (1.4) 

The leptons and lepton-Higgs fields are assigned to the defining triplet representation 3, 
which is complex, and the product 3 ® 3 ® 3 contains an invariant singlet. The group S(81) 
has three other complex triplets, so we can incorporate the quarks into this framework by 
simply assigning the quarks and quark-Higgs fields to a triplet representation distinct from 
the defining 3. 



^We use two- component spinor notation for fermions. Here qa = {ua,da) ^ (3,2,-|-|) are the left-handed 
quark doublets, da ~ (3*, 1, -|-|) and Ua ~ (3*, 1, — |) are the left-handed antiquark singlets, = (i^ai^a) ~ 
(1,2,— are the left-handed lepton doublets, and Eq, ^ (1,1, +1) are the left-handed antilepton singlets. 
The fields (bo^ = (-^d^^BJ ^ (1,2,-i), ^u. = {<Pi^AlJ - (1,2,+i), and ^ = «,0-) ^ (1,2,-|) 
are Higgs doublets. Note that and 4>a have hypercharge Y — —1, while 4)u^ has hypercharge Y — +1. 
The dot denotes the SU (2)-invariant antisymmetric product, and the subscripts are understood as di = d, 
(j>D-^ = (j)d, and so on. 

^The idea that the fermion masses arise from a small VEV of a second Higgs doublet is an old idea |6j. A 
different model with one Higgs for each lepton flavor was proposed by Grimus and Lavoura [7]. 
■^This differs from the Z2 symmetries used in the original Private Higgs model. 
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The rest of this paper is organized as follows. In Section [IT] we discuss the charged lep- 
ton masses and a TeV-seesaw mechanism for neutrino masses under the assumption of S(81) 
symmetry. In Sections III and IV we discuss neutrino mixing and predict a relation among 
the off-diagonal entries of the Majorana neutrino mass matrix. In Section |V] we discuss 
the anomalous magnetic moment of the muon. In Section VI we discuss constraints due to 
lepton flavor violation. In Section |VII| we comment briefly on quark masses, but leave the 

I we discuss 



construction of a realistic CKM matrix for future work. In Sections IVIIII and | 
the scalar potential of the model and justify the symmetries and scales that are assumed 
for the phenomenology of the previous sections. In Section |X] we summarize our results and 
suggest directions for future work. In the appendix we discuss the group theory of S(81). 



II Lepton masses and TeV-scale seesaw 

Let the lepton doublet^ £ = {i^,e) ~ (2,— |) and the antiplepton singlets e ~ (1, +1) 
transform as the defining 3 representation of S(81). Introduce an SU (2) x U (1) Higgs doublet 
(pe = ~ that also transforms as a 3 under S(81). Denoting the S(81) 

components by the flavors e,/i, r, we have the E(81)-invariant Yukawa interactions 

-^Yuk = ye{^e-(l)ee + if,-(j)f,JI + ir-(l)rr) + h.C. (II.l) 

Thus upon writing 0° = ;^fQ,e*^" + ... and rephasing the charged lepton fields, the charged 
leptons obtain masses 

rua = -j^yiVa ■ (II-2) 
Given the common Yukawa coupling across the three generations, we have 

me : : rrir = Ve : : Vr . (II.3) 

Thus with ?/£ ~ 1 the charged lepton masses are determined by the vacuum expectation 
values of their associated lepton-Higgs VEV. 

Before proceeding further, we should comment that the coupling ?/£ depends on energy scale 



/i, and is defined in Eq. (II.l) at a S(81)-invariant scale Ai. To compute observables at low 



energy, we should use the renormalization group (RG) to find that the flavor-independent 
coupling yi{^i) splits into three distinct effective couplings, yf^{fi), y'^^{fj,), and yf^{fj,), at 
scales fi <^ rrie -C -C m^. In practice, since there are no superheavy scales in our model, 
these effects are smalj^even for Yukawa couplings ye{Ai) ~ 1. 



^Since we are dealing with leptons, which are all color singlets, we suppress the SU{3) quantum number. 

^In more detail, we estimate the corrections as follows. Because flavor changing interactions are small, the 
dominant loop correction to the ia4'aSa vertex comes solely from the lepton a circulating in the loop. For 
large Yukawa couplings, the gauge contributions are subleading, and we estimate the 1-loop beta function 
as fidye/dfi ~ ay|/(47r)^, with a > 0, whose solution is y~^{n) = y~^(Mo) — (4^)2 ln(/z//io). We take 
any particle with mass m > /i as decoupled from the RG flow. Therefore, to leading order, we find that 
from a flavor-independent coupling ye{fi) at — M, the RG generates an effective coupling y'^{p) that 
runs down only to ^ — mr, an effective coupling y'j^^in) that runs down to ^ = m^, and an effective 
coupling y'^^ifJ.) that runs all the way down to mg. Taking a ^ 1 and an initial condition aX A4 ^ TeV for 



3 



Let (pw = 'i^w) ~ (2) — |) be a Higgs doublet that does not transform under any flavor 
symmetry. This PF-Higgs provides the dominant contribution to the mass of the bosons: 



mw = \gvw 



1 + 



other 



(11.4) 



where Wother denotes the contributions of the non-VT Higgs VEVs. The Z obtains a mass 
niz = raw/ cos6'iy, just as in the SM. So far this is the same as in the original Private Higgs 
model for lepton^ but with the additional constraint Ue = = Vt = He- 

For the neutrino sector, introduce an SM-singlet antineutrino field ~ (1)0) and another 
Higgs doublet (p,^ = (0;^, 0°) ~ (2, +1), each of which is also to transform as a 3 under S(81). 
Just as for the charged leptons, the S(81)-invariant Yukawa interactions for the neutrinos 
are diagonal in flavor and have a flavor-independent coupling: 

-^^Yuk = -Vu (4-0..iVe + i^-^u,N^ + ir-<Pu^Nr) + h.C. (II.5) 

As a result of the opposite hypercharge assignments for and (p,^, only the former gives 
masses to the charged leptons while only the latter provides Dirac masses for the neutrinos. 

At this stage a bare mass for the gauge-singlet neutrinos is forbidden by the flavor sym- 
metry. Introduce SM-singlet complex scalar fields Si ~ (1,0), which transform as a triplet 
under S(81). The S(81)-invariant Yukawa interaction 

-^Yuk = -IvNiSeN.N, + S^N^N^ + SrNrN^) + h.C. {11.6) 

leads to flavor-diagonal Majorana masses for the gauge-singlet neutrinos: 

MN^=yN{S^). (II.7) 

Upon integrating out the Na, the light neutrinos will obtain a flavor-diagonal Majorana mass 
matrix from the usual seesaw mechanism: 

(v (6^ )V 

)a(S /r. \ ■ 

yN{Oa) 

Here the VEVs (Sa) set the seesaw scale, which in our model will be ~ TeV ^U\. The neu- 
trino mass scale m,y < eV can be obtained by taking the neutrino-Higgs VEVs (0°^) to be 
roughly of order the electron mass [11]. Just as for the charged-lepton- Higgs fields, we define 
(0°^) = ■^v'^g'^^"' and work with the manifestly real parameters v'^. 

At this stage the neutrinos do not oscillate, so we still need to generate nonzero off-diagonal 
contributions to the neutrino mass matrix|3 

concreteness, we can run the approximate RG to obtain: yi{M) = 1 yg{mr) = y°^{mr) ~ 0.98, then 

yf{mr) = yf{mr) =^ yf{m^) ~ 0.97. Then yf{m^) = yf{m^) = 0.97 =^ yf{m,) « 0.95. Thus we 
can estimate the Yukawa couphngs to remain independent of lepton flavor at low energy up to corrections of 
O(10~^) if yiiAi) ~ 1. For smaller values of yi{A4), the running is negligible. 
'^In that model the role of (f>w is played by a top-Higgs (j)t. 

*This construction is similar in spirit to an early model of Fukugita and Yanagida |12j . Interestingly, at 
that time the lack of oscillations in the model was considered a virtue rather than a deficiency. 
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Ill Neutrino mixing 



To generate nonzero mixing angles for the light neutrinos, we introduce a flavor triplet of 
singly charged spin-0 bosons, h~ , whose interactions result in off-diagonal entries for the 
neutrino mass matrix at one loop 



In contrast to the other fields of the model, we assign h to a different triplet representation, 
3', and thereby denote its components bjn/i" = {h~, h~^, h~ ). Since h~^i-i ~ (3')* (8) 3 ®a 3 



contains an invariant [see Eqs. (XI. 37) and (XI. 42)], we have a S(81)-invariant interaction 
between the charged bosons and the lepton doublets: 



C 



hU 



f{h 



re 



+ h 



(III.l) 



These interactions have a commorp^ coupling /, which provides a group theoretic realization 
of Case A in a study by Ghosal, Koide and Fusaoka [11]. Note that the S(81) symmetry 
forbids interactions of the form eNh~ . 



The charged bosons couple to Higgs doublets through three different SMxS(81) invariants: 

(III.2) 
(III.3) 



W 



(III.4) 



We will see that if the coefficient of the dimension-3 operator is not much larger than (So), 
then the contribution to from the to term will be subleading compared to that from ti 
and t2. 



Combined with the 



interactions of Eq. (III.l), the Lagrangian 
Ch^ = Mto + piti + p2t2 + h.c. 



(III.5) 



generates off-diagonal entries in the neutrino mass matrix at one loop|^ (Here M is a 
coupling with dimensions of mass, and pi 2 are dimensionless couplings.) For example, one 
contribution to the (e, /i) entry of rrii, arises from the diagram in Fig. [l} 



For M| 3> M?, the contribution of this diagram to the neutrino mass matrix is 



1 fyiM 



(47r)^ 



Ml 



m„ In ^"'^ 



Ml 
Ml ' 



0\* 



Mi,^p\{S:)*{<P'^Y-M*{<Pl) 



(III.6) 



^ As explained in the appendix, the labehng resuhs from forming the 3' by decomposing the product 3 3 



into irreducible representations. See Eqs. (XI.24) and (XI.36). 
^"Here K^^ = has electric charge +1. 

^"'^In principle there are flavor-dependent corrections to / at low energy. Since we consider small values 
/ < 10^^ and since the largest scale in the model is ~ 10 TeV, these corrections are very small. 

^^These interactions also generate corrections to the diagonal entries of the neutrino mass matrix at two 
loops jT5] . We will drop these as subleading to the diagonal entries generated from the seesaw mechanism. 
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Figure 1: One- loop contribution to (mjy)e^. There is also an analogous contribution with the 
electron running in the loop. 



By the symmetry of the Majorana mass matrix, there is also the same diagram but with the 
electron and electron-Higgs running in the loop. This gives an additional contribution 



1 fyiM 



Ml 



{Any 



(III.7) 



The (e, /x) entry of the neutrino mass matrix is given by adding the two contributions: 
Cm. 



( m diagram 1 _i_ \ diagram 2 



The relative signs in J^l^ and A^L [Eqs. (III. 6) and (III. 7) respectively] can be under 



stood as follows. The interaction f h^^^ie ■ = //i^(z/e/i — z/^e) in Eq. (III.l) results in a 
vertex +if for diagram 1, but —if for diagram 2. In contrast, the h~ jp'T vertex arising 



from Eqs. (III. 3) and (III.l ) is not related by any symmetry to the h 



~ vertex arising from 

Eqs. (III.4) and (III.l ), and so they contribute the same way: a factor of —ip\{Se)* {(()%)* from 
the former, and —ip2{Sij)*{(pw)* from the latter. This accounts for the relative sign differ- 
ence between the contributions from pi and p2 to the effective couplings in Eqs. (III. 6) 



and (III.7). 



In addition, the contribution from M appears with the same sign in Eqs. (III. 6) and (III. 7) 
because the operators /ij^0e ■ (pfi in Eq. (III. 2) and /i^^e ■ ^'i- (IH-l) have identical 

transformation properties under SU{2) x f/(l) x S(81). In other words, diagram 2 has sign 
flips relative to diagram 1 in the contributions from both / and M, so that the extra signs 
cancel each other out. 



Leaving the possibility of CP violation for future work, we assume that all couplings and 



VEVs are real and write (0°) 



and {Sa) 



-Vn from now on. 



The vertices from Eqs. (III. 3 ) and ( |III.4[ ) are proportional to f^f vy, while those from Eq. (III. 2 ) 



are proportional to Mv Q, ~ Aduia, which is suppressed by a power of charged lepton mass. 

the only contribution from M that is not 



[m 



As can be seen from adapting Fig. |lj to 
obviously small occurs with a factor of m^m,- in the numerator. If pi ~ p2, then the contri- 
bution from M can be dropped provided that M /v ^ 10^pi^2- With pi_2 = 0(10^^ — 1), we 
can take M as large as ~ (10^^ — 1) TeV. 
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Dropping the contributions from terms proportional to M, and assuming furthermore that 
all Va are equal, we arrive at the following off-diagonal entries in the neutrino mass matrix: 

f \ I 1 1-loon 

\ rrir m-r ) 

^ l-loop 



pi— -P2 m^-^-P (IIL8) 
\ ) 

with the overall scale given by 

2(4vr)2M| ^ Ml ^ ^ 

Taking v ^ ^ TeV and ~ 10 TeV, we have {vwvl{/^'nMhf\m^ ~ 10^ eV. The 
motivation behind this model is to take the Yukawa coupling ~ 1, so we need 

|Pi,2/| < 10-^ (III.IO) 



to generate the scale vrty < eV. The somewhat stringent requirement of Eq. (111.10) can be 
relaxed if we are willing to consider larger masses for the charged scalars, /i^^, or smaller 
Yukawa couplings. 

Therefore, the S(81) symmetry (along with the assumption that all new scales are roughly 
~ 1 — 10 TeV) suggests a relation among the off-diagonal entries of the neutrino mass matrix: 

{mu)f,r^—{m^)e,i + — {m^)eT- (111.11) 
rrif, rrir 

The ~ indicates that we have dropped small contributions due to the electron mass, which is 
justified provided that there is no large hierarchy between the couplings pi and p2- The rela- 



tion Eq. (111.11) results from assuming that the only parameters contributing to m^"'°°P that 
break the flavor-independence predicted by S(81) symmetry are the charged lepton masses 
me <^ rrin <^ rrir. 



Thus in total we have a Majorana neutrino mass matrix^ 

KY \ /o 

where mo = \/2yNV /y1^ a ~ '"~^Pi, b ~ P2, and r = rrir/m^ ^ 16.82. Note that for 






<? +mi-^°°P| ra-r-^b\ (III.12) 



the "reasonable" ratio Pi/p2 ~ 1 the mass matrix of Eq. (111.12) is not yur-symmetric, as 
expected on general grounds. However, in principle it is possible to have pi/p2 ~ r to restore 
an approximate /xr symmetry at low energy, although in view of RG considerations this 
situation would have to rely on a parametric coincidence in the initial conditions at the scale 
of S(81) breaking. 



13 



The most general Majorana mass matrix is symmetric, so we display explicitly only its upper triangle. 
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IV Comparison with oscillation data 



To compare Eq. ( |III.12 ) with experimental results on neutrino mixing, we briefly recall the 



relevant phenomena. For a detailed account, the reader may consult the review by Gonzalez- 
Garcia and Maltoni [T7] and the updated report by Gonzalez-Garcia, Maltoni and Salvado 
|18] . from which we quote the data. 



In a three-flavor oscillation framework with Majorana neutrinos, the three flavor eigenstates 
t'e, i^fj,, fr are linear combinations of the three mass eigenstates z/i, z/2, z/3, specified by a 3-by-3 
unitary matrix V , called the neutrino mixing matrix. It has three physical mixing angles: 
the "solar" angle 6*12, the "atmospheric" angle ^23, and the "reactor" angle 6*13. At present 
these are known to be in the following range: 

0.550 < 612 < 0.658 , 0.620 < ^23 < 0.934 , < ^13 < 0.218 . (IV.l) 

Recently the T2K collaboration reported [19] the possibility of a relatively large nonzero 
reactor angle 

0.09 < 013 < 0.28 (if mg > ma > mi) , 

0.1 < 013 < 0.31 (if m2 > mi > m3) (IV.2) 



but the significance is not yet large enough to claim a discovery. As indicated in Eq. (IV.2), 
it is known that m2 > mi, but it is not yet known whether m3 is larger or smaller than the 
other two. What is known are the mass-squared differences 



8.31 X 10"^ eV < -^/Am^^i < 9.06 x 10"^ eV (IV.3) 

and 



4.57 X 10^2 eV < v^A^^LT < 5.32 x 10"^ eV (m3 > ma > mi) , (IV.4) 



4.46 X 10"^ eV < V-Am^,^ < 5.22 x 10"^ eV (m2 > mi > m3) . (IV.5) 

Since we do not yet know the overall scale of neutrino masses, it is convenient to work with 

the ratio ^ 

. l^f^ltJ ^ [5.05 to 6.40 (m3>m2>mi) 

^ ~ Y Am^^i \4.93 to 6.29 (m2 > mi > m3) ' ^ ' 



In addition to the three angles in Eq. (IV.l), the mixing matrix V contains three physical 
complex phases and three unphysical complex phases. Of the three physical phases, only one 
is in principle observable in oscillations, the "Dirac" phase angle 6cp, and it contributes to 
neutrino oscillations only if ^13 7^ 0. The remaining two physical phases are the "Majorana" 
phases, which drop out of the oscillation probabilities. 



Defining Q = {my)aT — r{mu)eu — r ^(mj,)er, we can write Eq. (III. 11) as ^ ~ and solve 



8 



perturbatively in the small parameters in the problem, namely the deviation of the atmo- 
spheric angle from maximality, —0.165 < X = 623 — j < +0.149, and the small reactor angle, 
< ^^13 < 0.22. Expanding to leading order as ^ = ^0 + 0(6*13, A), we have 



where 



Go 



10.4 < F(r,6 



ml + 



rris - F{r, 6i2){m*2 - ml) 



12) 



r + r 



sin(2^i2) - \ cos(20i2 



< 11.4 . 



(IV.7) 



(IV.8) 



The tildes over m\^2 in Eq- (IV.7) denote inclusion of the Majorana phases, and the range 



in Eq. (IV.8) result from applying Eq. (IV.l). If the neutrino mass matrix is real, then 
mi = ±mi and m2 = ±m2 (signs un correlated) . Note that the condition ^ is the 

condition of approximate /xr symmetry in the neutrino mass matrix. 



In view of Eq. (IV.4), we should consider the cases ma > m2 > mi ("normal" ordering) 
and m2 > mi > ms ("inverted" ordering) separately. First consider the normal ordering, 
and take ms ^ mi^2 in Eq- (IV.7). If we insist on ^0 ~ [in other words, satisfying 
Eq. (III. 11) with ^13 = and ^23 = f], then we need mxm^ < and m^ > mi 2. For example, 
if mi = +mi and m2 = —m,2, then the condition ^0 ~ is satisfied with m^ ~ 10 (mi + m2). 



If instead m^ ^ ^1,2, then Qq ^ implies mim2 > 0. Setting rhi/mi = m2/m2 
we can solve explicitly for mi in terms of F and the oscillation parameter ^: 



mi 



e+F{F-i) + \ 

-(2F + 1)^2 + 2F2 - 



2F- 1 



±1, 



(IV.9) 



where we have used Am^^m 



I Am? 



jjtmi for "^3 < "^1,2- The sign s has dropped out. 
Using the ranges in Eqs. (|IV.6[) and (|IV.8[), we see that -{2F + 1)^^ _^ < -300 and 



so Eq.(IV.9) has no solution. Nonzero values for 6*13 and X = 623 — j are constrained by 



Eq. (IV.l) to be small enough such that the model remains viable only for the "normal" 



ordering, ms > m2 > mi. 

In the absence of a theoretical principle that determines the relative values of the diago- 
nal entries in m,^, we proceed phenomenologically. If we take v'^ <^ v'^ ^ v'^, then the mass 
matrix of Eq. (III. 12) is similar to those of Class II in our earlier study (TU] of mass matrices 

with (m^)ee 



0. For example, 



'0.01 0.25 



m^, oc 



5 4.1 
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012^0.62, 023-0.76, 013^0.14, C^5.8 (IV.IO) 



with (mi,m2,m3) ~ (1, 1.6, 7.2) in units of mi. 

The conclusion to draw from this analysis is that our model can fit oscillation data with 
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the "reasonable" ratio of couplings pi/p2 ~ 0{1) [in the particular case of Eq. (IV. 10) we 
have pi/p2 ~ r/8 ~ 2.1] and with Aml^^^ > 0. As mentioned in the previous section, the 
model can be tuned to accommodate fir symmetry with maximal atmospheric mixing and 
zero reactor angle if the reader is willing to consider a hierarchy pi/p2 ~ ^r/^ti- 



V Lepton magnetic moments 

In our model, the dominant new contribution to the magnetic moment of charged leptons 
comes from neutral Higgs exchange. In the Standard Model, the Higgs contributes to the 
anomalous magnetic moment = ^{ga — 2) of lepton a = e, p,T from the 1-loop diagram 
in Fig. |2} 



Y 




e 



cx 

H 



Figure 2: One-loop contribution to the anomalous magnetic moment of lepton a = e,/i,T in 
the SM due to Higgs exchange. In our model, the SM Higgs H is replaced by the private 
Higgs Ha, and the small SM Yukawa couplings at the two vertices are replaced by our larger, 
flavor-independent Yukawa coupling y^. 



For niH ^ rna, this diagram yields the standard textbook result 



^'''^T^^ln^. (V.l) 



a 



In the SM, these contributions are negligible because of the small Yukawa couplings for 
charged leptons. In our model, the Yukawa couplings are independent of flavor and are also 
order 1. Moreover, the neutral Higgs boson that propagates in the loop for lepton a is the 
private Higgs boson H^, whose flavor-independent mass M^^ is larger than the mass of the 



SM Higgs. Thus Eq. (V.l) is replaced by: 



7/2 rn2 M? 



(47r)2 Ml ml 



The contribution to the magnetic moment of the electron ~ 10 

is much larger than the Higgs contribution in the SM, but is still much smaller than the 
experimental uncertainty of ~ 10~^^. The contribution to the muon magnetic moment is a 
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factor m?^/m1 ~ 10^ times larger, and is therefore in a range interesting for phenomenology: 

a,~(10-i°-10-9)f^V (V.3) 



If we take seriously the reported 3o" discrepancy from the SM prediction [20] 

= a;^"P - af^ = (4.3 ± 1.6) x 10"^ (V.4) 

then our model can fit the deviation from the SM, provided that the Yukawa couplings are 
large and the private Higgs mass is about a TeV. For example, ye = I and M^^ = 530 GeV, 
oi^'^ yi = 2 and M^^ = 1.1 TeV, imply ^ 4.3 x 10~^. For smaller values of ye and larger 
values of M^^, the contribution to the magnetic moment becomes smaller in magnitude than 
the electroweak contributions of the SM and can be dropped. Thus in general our model 
predicts that the anomalous magnetic moment of the muon is at most of order Sa^ and at 
least as large as in the SM. 



VI Lepton flavor violation 

Let us expand the lepton-Higgs doublets about their vacuum expectation values: 



(VI.l) 

Here and Xa are the physical CP-even and CP-odd parts, respectively, of the neutral 
component of the lepton-Higgs doublets. 



The interaction Mh'^^cpe ■ 0/^ from Eq. (HI. 5 ) generates an effective vertex £ = -^yes l^^e'Pt + 
h.c. at one loop through the diagram in ig. [3j 

Including the exchange of the CP-odd state x^l) the dimensionless coefficient of this effective 
vertex is 

Integrating out 0^ leads to the effective interaction C = A\/2G'^p^''''^''^\ijLVe){i-'e^) + h.c. with 
a 4-fermi constant 

^(M->t^ePee) _ fyl Mm^ Ml 

-l^^MfMl^/ ^ 

"'^'^The value ?/£ = 2 is toward the upper limit for validity of perturbation theory but remains acceptable, 
which we argue as follows. If we approximate the beta function for the Yukawa coupling as fidye/dii ~ 
a?/|/(47r)^, we can estimate the location of the Landau pole, defined by ?/~^(Af) = 0. [22 Using the value 



at rriT as input, y£{mr) — \/2 niT/vr, we find Ag = rrir exp 



47r 



The location of the pole is larger 



than ~ 10 TeV provided that yi{mr) < in a ^1"^. This is of course a crude estimate, but the point is that 
relatively large values ye ^ ^ can be considered. 
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Figure 3: The effective ^I'efpt vertex at one loop. Tlie arrow indicates taking tlie limit in wliich 
the scalars circulating in the loop are significantly more massive than the muon. 



As denoted, this leads to a flavor changing charged current (FCCC) contribution to muon 
decay. Compared with the SM muon decay Lagrangian C = 4A/2"Gi7'(/ii/e)(z/^e"'') + h.c. with 
Gi. = 1.166 X 10TeV-^ the new contribution is suppressed by the ratio 

—G, ■ ^^^-^^ 

where we have taken yg ~ 1, M^^ ~ TeV, and In ~ 1. For example, taking M ~ TeV 

<t>i 

and Mh ~ 10 TeV, requiring that the above ratio be less than 10~^ implies only the rather 
weak constraint that / < 1, which is readily satisfied in our model. 

Another non-standard contribution to FCCC-mediated muon decay comes from integrating 
out the charged boson /ij^. Dropping small mixing terms with and 0^, the interactions 



of Eq. (III.l) result in the effective Lagrangian 



C,^^^MHe^) + h.c. (VI.5) 

Therefore the Fermi constant measured from muon decay gets an extra contribution of order 
~ jji/Gp compared to the value of Gi;' extracted from hadronic weak decays. Requiring the 

h 

discrepancy between the two to be less than 10~^ results in the constraint [21] 



Mh> fx {lO^G^^y^^ ~ 10/ TeV . (VI.6) 
If we take Mh ~ 10 TeV, we can satisfy this equation even for a couphng as large as / ~ 1. 

Potentially dangerous flavor changing neutral currents (FCNC) arise from diagrams simi- 
lar to the above, but with a neutrino running in the loop instead of a charged lepton. These 
amplitudes are therefore suppressed by a neutrino mass in the numerator and thereby result 
in negligible branching fractions. 

For example, the polarized muon decay /i^ — )• e^e^e^ arises from the one loop diagram 
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Figure 4: One loop contribution to /i^ — )■ e^e^e^. The diagram for //^ — )• e^7 is obtained 
by replacing the Hg propagator with the VEV (cp^) and attaching an external photon to the 
charged /i^ line. The x in the neutrino propagator denotes a power of neutrino mass in the 
numerator, which suppresses the rate significantly. 



in Fig m 

This diagram, along with the diagram for Xe exchange, results in the effective Lagrangian 

£igi°°P = 4V2G^^^^'\]i^e^){ee) + h.c. (VI. 7) 

where the effective Fermi coupling is 

-128vr^ Ml Ml M^ ' ^^'"'^ 
This is identical in form to the FCCC coupling discussed previously, suppressed by the ratio 



10-10-10-8. (VI.9) 



'^F '"'I' in-lO 



With G^p^^"""^^ / G F ^ IQ-'^, the /i — 3e decay is suppressed by at least a factor ~ lO^^"*^ 
at the level of the amplitude, resulting in a branching fraction less than 10"^^, which is 
much smaller than the existing upper bound of ~ 10"^^ |23]. Other FCNC processes such 
as ^~ — )■ e-7 and Z — )■ h~t~^ are similarly suppressed by a factor of m^, and are therefore 
unobservably small [21]. 



VII Quark masses 

The basic structure of this model can be carried over immediately to the quark sector. 
Introducing private Higgs fields 0d ~ (2,—^) and 0c/ ~ (2,+^) for the quarks, we can 
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identify the quark sector with the lepton sector through the correspondence: 









e 




d 


N 




u 








\<PuJ 







(VII.l) 



Just as (pe = {(pei'Piii'pT) and (pv = {4'u^,4'u^,4'ur) are flavor triplets, here we have (po = 
{4>d, (ps, 4>b) and (pu = {(pu, 4>c, 4>t) ■ To prevent the lepton-Higgs flelds from couphng to the 
quarks and the quark-Higgs flelds from coupling to leptons, the triplets in the quark sector 
should not be the deflning triplet 3 but rather one of the other three complex triplet repre- 
sentations, 3', 3", or 3"' 
spin-0 charged bosons h~ 



[see Table [2| and Eq. (XI.36)]. Since we have already assigned the 
to the 3', we have the choice of either 3" or 3"' for the quark triplets. 



Interestingly, the product 3" ® 3" (g> 3" contains three different invariants of S(81) [see 
Eq. (XI. 51)], so if the quarks and quark-Higgs were assigned to the 3" there would be three 



Yukawa couplings for the down-type quarks and three for the up-type quarks. Instead, since 
3'" ® 3"' = {3"')* © 3 © 3 [see Eq. ( |XL55| )], the product 3"' © 3"' © 3"' contains only one 
invariant, just like the product 3 © 3 © 3 for leptons. Therefore, we assign the quarks and 
quark-Higgs flelds to the 3"' representation. 



The quark Yukawa couplings are 

yD{qi-4>dd + q2-(psS + q3-(pbb) + yu{qi-4>uU + q2-4>cC + qs-cpti) + h.c. (VII.2) 



''-Yuk 



The quark masses are therefore determined by private Higgs VEVs^ and two generation- 
independent couplings, one for the down-type quarks and one for the up-type quarks: 



'md,s,b = yoi 



and 



m 



u,c,t 



yu{(Plrt) ■ 



(VII.4) 



The quark mass matrices for the up and down type quarks are simultaneously diagonal, and 
so the CKM matrix is the identity to leading order. We can then generate nonzero mixing 
angles at one loop by introducing the appropriate colored fleldsj^ Just as the transform 
as the components of a triplet 3' distinct from the 3, these new colored flelds will transform 



^Note that since rrit ~ 173 GeV is larger than raw, the W boson gets contributions from both the t-Higgs 



and the VK-Higgs, so that Eq. (II.4) gets modified to 



.2^1/2 



l + O 



^other 



(VII.3) 



This just means that fsM ~ (''^w'^^tY^'^ ~ 246 GeV gets roughly half its contribution from each of vw and vt 
rather than purely from vw- In contrast to the other Private Higgs fields, the top-Higgs mixes substantially 
with the W^-Higgs, which should be interesting for LHC phenomenology. 

"'^^The idea of generating hierarchical quark masses and mixing angles at one, two, and three loops was 
explored by Babu and Mohapatra in the context of an S3 model _25J. An approach along the lines of our 
model would attempt to generate a realistic CKM matrix at one loop, in analogy with neutrino mixing. 
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as the components of a triplet. In view of 3'" (8)3'" = (3'")* ©3©3, the colored fields will have 
to transform as the defining 3, the same representation assigned to the leptonsj^ Introducing 
other fields that transform as the remaining triplet 3" may have interesting phenomenological 



consequences [see Eqs. (XI.39), (XI.44), (XI.52) and (XI.54)] 



We will postpone the construction of a realistic CKM matrix to future work, and so a full 
discussion of flavor physics in the quark sector is beyond the scope of this paper. 



VIII Scalar potential 

Let us now discuss the scalar potential for our model. The most general scalar potential for 
the fields and S invariant under SU{2) x f/(l) x 11(81) i^ 



+ f -Ai J] S^cPi^w -f^'Yl ^i'^-i^^ ^ll^Y^l^ h.c. j 



where V'^^g^/*"^ contains all allowed quartic interactions other than the self-coupling of the 

py-Higgs. We assume that all of the couplings in ^^(Ti)*''^ correct sign so as to 

stabilize the potential for large values of the fields, but that they are otherwise negligible for 



perturbative dynamics. In other words, we assume that it is a good approximatioij | to set 

T/quartic ^ PI 
*'^S(81) ~ 

The potential Ve(8i) is minimized when all VEVs are independent of flavor, and so the 



^^Color SU{3) invariance will prohibit tree level interactions, but it is conceivable that loop level interac- 
tions may still have interesting implications for neutrino mixing [26j . 

^*Note that the SM-singlet scalars So, obtain their VEVs from cubic self-interactions. This is in contrast 
to the original Private Higgs model, which employed Z2 parities. A similar approach was also used by E. Ma 
in the context of a different model [27] . 

i9por Yukawa couplings of order 1, one might worry that negligible quartic couplings at /i ^ TeV could 
blow up at low energy. If ~ 1, the leading order contribution to the renormalization of Xa{(l)a4>a)'^ comes 
from a box diagram with four external a-Higgs lines and the lepton a running in the loop |28j . This diagram 
is 0{yj), so for large Yukawa couplings we approximate the beta function for Aq, as (iir)^ n dXa / « —byj 
with & > 0. (This is just a crude approximation; Xcj)'^ theory coupled to fermions is not asymptotically 
free. [Hj) Approximating (Att)'^ iidyi/dfi w ay^ as before, we find Xa{fJ.) - XaifJ-o) = -^[ujip) - 2/Kmo)] 
= —^ygifJ-o) {^[^ ~ '^bf (Mo)/47r]^ ln(/Lt//xo)] "'^ — l|. For example, taking a — e with a '--^ b ^ 1 and running 
from ^0 TcV to ^ = m^, we have Ae(me) - Ae(TeV) = O(10"2) fo^ ye{TeV) ^ 1, but XJme) - Ae( TcV) = 



0(1) for y£(TeV) — 2. In any case, as long as the theory remains perturbative, a term jXeV^ in Eq. ( VIII.l I 
would have no qualitative effect on the dynamics of the theory, partially because Ve vw and partially 
because the interaction is diagonal in flavor. Flavor off-diagonal effective interactions {(j)\^(j)w){4''L4'a) and 
{<i>lx4'a){4'\4>l3) do not receive contributions from Yukawa couplings at leading order, and therefore can remain 
small for all scales in the model. 
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charged leptons would be degenerate in mass. This is of course phenomenologically unac- 
ceptable. To fix this problem, we would like to forbid the bare cubic terms Sa4>a4>w and 
Sa4'va4'Wi and then re-introduce these terms with parametrically smaller, fiavor-dependent 
couplings and /i^. 

To do this, we impose an auxiliary fiavor-independent Z13 symmetry, denoting its genera- 
tor hj VL = e*^'^/'^. Under this Z3 , the Higgs doublets and (pu transform as fi, while the 
fields S, e, and transform as Vl* . The lepton doublets ^ and the spin-0 charged bosons h~ 
do not transform under Z3 . Note that this Z3 also forbids the interaction h'^p(j)a-4>i3- 

The sequence of fiavor symmetry breaking should be 

M M' M" 

S(81) X Z^ ^ iZl X Z^ X ZJ) X Z^ ^ Z^ X Z^ X Z^ ^ . (VIII.2) 



for some scales M ^ M' > M" > 10^ GeV. At the scale M, the full S(81) = (Z^ x Z^ x 
Z3) X Z^ symmetry is broken to its abelian discrete subgroup Z3 x Z3 x Z3, but the unbroken 
Z3 symmetry still forbids the interactions Sa'plj.fpw and Sl^cfyj^^cfy-w ■ Then at the scale A^', the 
Z3 is broken, generating small coefficients and /i'^, for Sa(t)^^(t)w and S'^^j^^^vk, respectively. 
Since S(81) is broken, these coefficients can in principle depend strongly on fiavor, as indi- 
cated by the label a = e, /x, r. It is possible for the two scales to coincide, as we will show in 
a particular example. Finally, the scale Ad" corresponds to the largest VEV that breaks any 
of the fiavor-dependent Z3, namely the largest {Sa). 

Therefore, the potential we use in our model is 

= v^E(8i)xz^ + v;oft + ... (VIII.3) 

where 

\2 



and 



^soft = ^ ( fIaSa4>i4>W + fJ''aSi4>u^(pW + h.C. j . (VIII.5) 



The ellipsis in Eq. (VIII.3) denotes quartic Higgs-Higgs, scalar-scalar, and Higgs-scalar inter- 
actions, which we assume to be negligible, and small fiavor-dependent corrections to the bare 
parameters contained in V^s(8i)xz|'- We imagine that fiavor-dependent corrections are of the 
order /ic^ ~ /x^ ~ sAi' , where e is a small number parametrizing the effect of either a small 
coupling or a loop factor l/(47r)^ ~ 10~^. Thus taking M.' ~ TeV, we take fi^ ^ f^'a ^ 10 
GeV ~ lOm^. 
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Before discussing a particular realization of this idea, let us first treat Eqs. (VIII. 3), (VIII. 4) 



and (VIII. 5) as an effective field theory and work out its consequences for the boson masses. 



We choose the basis of VEVs such that {(t>w) = -^f^w is real. We will also fix uni- 
tary gauge, in which the Goldstone bosons = vwXw + + ''^'aXva) ^-^id = 
''^w'Pw + '^ai'^a'Pt + '^'a'Ptc) zcro. Siucc Vw is much larger than and v'^, in 
practice fixing unitary gauge amounts to setting xw and 0^ approximately equal to zero, 
up to corrections at most of order Vr/vw ~ rrir/mw ~ 10~^: 







(unitary gauge) 



(VIII.6) 



As far as the SU{2) x f/(l) gauge interactions are concerned, the real field H]v is the SM 
Higgs up to small corrections. Expanding the other Higgs doublets about their VEVs, we 
write 



r ) 



For simplicity, we assume that the VEVs are real: 9^ = 9'^ = 0. We also have 

Srv 



J-7j _|_ s 



(VIII.7) 



(VIII.8) 



where the are physical complex SM-singlet spin-0 bosons. Again for simplicity we set 
9a = 0. We will leave the study of CP-violating phenomenology for future work. 



In the basis {Hw, H^, H^,^, Sa), the symmetric mass-squared matrix for the physical CP- 
conserving neutral scalars is 



f2Xwv'^ + Y,ail^o.^o, + fJ''aVa)^ -fJ'aVa -fJ^'a^a -(/"a^^a + At>a)\ 



CP-even 



Ml 





Ml 



\ 



—^aVw 



(VIII.9) 



where the lepton-Higgs masses are determined by minimizing the potential to be 



Ml 



HaVaVw 



Vn 



and 



Ml 



V' 



(VIII.IO) 



To the extent to which the bare parameters M| and Jl are independent of flavor, the scalar 
VEVs are independent of flavor: 

Ve^V^^Vr = V. (VIII. 11) 

To the same extent to which the bare parameters M^^ and M^^ are independent of flavor, 
we are forced to determine the Higgs VEVs Va and v'^ by appropriately tuning the soft 
parameters fia and /i^: 



(VIII.12) 
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Similarly, the ratios /ig : /i'^ : /i'^ = v'^ : v'^ : v'^ determine the diagonal entries in the Majorana 
mass matrix for the light neutrinos. In contrast to the situation for charged lepton masses, 
we do not know the required hierarchy of these entries. We could have fg ~ f|j ~ f:^, or one 
of the entries much smaller than the rest, for example v'^ <^ v'^ ^ v'^. 

Taking [irjvr ~ 10, {; ~ TeV and wvi/ ~ 10^ GeV, we find 

Mj^ ~ (TeV)2 . (VIII.13) 
This is consistent with our prediction for the anomalous magnetic moment of the muon. 

For the sake of not having scales higher than ~ 10 TeV, then vv\fi/ ~ 10^^ TeV^ implies 
that we should take [JJv'^ no larger than ~ 10'^. But to keep the VT-Higgs mass light and 
stable we need at most /x^w ~ \wv^. Thus it is consistent to take /i!^ ~ /i,- ~ 10 GeV and 
< ~ 10-Vr ~ 10 MeV. We can then take ~ (1 - 10) MeV and v'^ < MeV, in a spirit 
similar to f e ^ f ^ ~ lO^^f^ for the charged leptons. 



IX An example of soft symmetry breaking 



Now we discuss one way to obtain the potential of Eq. (VIII. 3). The reader is encouraged to 
find alternative high-energy completions. 



Let ao, di, and 02 be SM-singlet complex scalar fields that transform with the phase Vt 
under the auxiliary symmetry Z3 . Let these fields also transform as ctq ~ 1, o"! ~ 1', and 
(72 ~ (1')* under S(81). We introduce the usual negative mass-squared instability for each 
of the Gi so that they obtain nonzero VEVs. 



The fields o\ and 02 are charged under S(81) but are invariant under the abelian subgroup 
Z3 X Z3 X 1i\ (see Table [1] in the appendix), and all are charged under Z3. Therefore, 
when the cxj obtain VEVs the flavor symmetry breaks as S(81) x Z3 — > Z3 x Z3 x Z3. In the 
notation of Eq. ( VIII.2[ ), we have M. = M' = max(((To), (o"2))- 



Since 3 ® 3* = 1 © 1' © (1')* © ... in S(81) [see Eq. pa4l| ], the fields allow the [SU{2) x 
U{1) X E(81) X Z|^] -invariant interactions AoaJ(S'0"f)i + Aicj|(5'0'^)i/ + X2al{S(j)'')r'](f)w = 
{Xoal+\ial+\2al)Se(pl(l)w+i>^o'7l+(^>^iO'l+(^*\2(^l)Sf,(pl(j)w+ 



When the (jj pick VEVs, we obtain the soft potential of Eq. (VIII. 5) with dimensionful 
couplings 



fie = 7j(Ao(c^o)* + Ai(ai)* + A2(a2)*) , 

/^M = 7r(^(^0)* + wAi((Ti)* + W*A2((T2)*) , 
/ir = 7f (Ao(fTo)* + W*Ai((Ti)* + wA2(or2)*) . 



(IX.l) 



We would like these couplings to be at most a few orders of magnitude smaller than the 
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weak scale. Even if (cTj) ~ (1 — 10) TeV > (Sa) ~ TeV, we can have Ha ^ 10 GeV if the 
couphngf^ Aj are of order ~ 10^'^ — 10^^. 

Note that if the Aj and (o"j) are all real, then fi^ = /x^ but /x^^^ 7^ fi^- This can be viewed 
as a motivation for taking the second and third generation (and fi'^) as "comparable," 
while treating fi^ and fi'^ as somehow "special." This is an attractive scenario to explain the 
neutrino Higgs VEVs v'^ ^ v'^, but the charged lepton relation v^/vr = nifj^/mr ~ 5.9% 
requires some fine tuning, as in many flavor models based on non-abelian groups. 

Note also that the field allows the dimension-4 interaction 



The VEV of ctq generates the dimension-3 interaction of Eq. ( |lll.2 ) with coefficient M 



A/i((To). The scale (cxo) ~ (1 — 10) TeV times a coupling A/^ ~ 10 ^ — 1 results in M ~ TeV, 
which is the case studied in the previous sections. 

X Discussion 

We have presented a group theoretic origin for the leptonic Private Higgs model using the 
discrete group S(81) = (Z3 x Z3 x Z3) x Z3. 

The model contains extra Higgs doublets with a common mass at the TeV scale, whose 
vacuum expectation values determine the charged lepton mass hierarchy rUe <S mfj_ <^ rrir. 
The model also contains three nearly degenerate TeV-scale, gauge-singlet neutrinos and some- 
what heavier charged S'f/(2)-singlet bosons. The model relies on the existence of TeV-scale 
SM-singlet scalars, whose VEVs drive electroweak symmetry breaking for the extra Higgs 
fields and provide masses for the heavy neutrinos. 

Given that much of the new physics here is proposed to occur at the TeV scale, the model 
should be readily testable at the LHC. A full discussion of LHC phenomenology should be 
done in the context of a S(81)-based Private Higgs model for quarks, which we postpone to 
future work. 

The key assumption is that the scalar potential supports a configuration in which the lepton 
masses break S(81) softly to an abelian discrete subgroup Z3 x Z3 x Z3, and we have provided 
one explicit example of such a configuration. We encourage the reader to find alternative 



justifications for the soft potential in Eq. (VIII. 5) 



Although the S(81) symmetry reduces the number of free parameters from the original 



^"in terms of scales, this is analogous to the soft breaking of chiral symmetry in QCD. The SM Higgs 
VEV V ~ 10^ GeV is much larger than the chiral symmetry breaking scale ^ ^ 10^ MeV, while the light 
quark masses niq — -^VqV ~ (1 — 10^)MeV, which break SU{3)l x SU{3)ii softly to the diagonal subgroup 
SU{3)v, are much smaller than ^ despite being proportional to v. 
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Private Higgs model, a further reduction of free parameters is desirable. Since S(81) is a 
subgroup of U{3), it is conceivable that this model can be embedded in a higher theory that 
could provide a dynamical justification for the magnitudes of the various VEVs in the theory. 
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XI Appendix: E(81) 

The group S(81) = (Z3 x Z3 x Z3) x Z3 can be defined as the set of diagonal 3-by-3 matrices 
of the form diag(aj^^, w^^, w^^), where tu = e*^'^/^ is the cube root of 1 and pi are integers, 
supplemented with right-multiplication by the cyclic permutation matrix c and its inverse 



a = = [see Eq. (XI. 11)]. There are 3^ x 3 = 81 such matrices, so this is a non-abelian 
discrete group of order 81. In this appendix we detail the construction of this group and 
derive its equivalence classes and tensor multiplication rules. 

XI. 1 Preliminaries 

Let a and h be elements of the groups A and B, respectively. Let i? be a subgroup of A, 
denoted B < A. If aba~^ is also an element of B (for all a e A and b e B) then B is said to 



be an invariant subgroup of A. This is denoted hj B < A. 



The concept of invariant subgroup can be combined with the concept of product groups 
to define what is known as the semi-direct product. Let H and G be groups, and define the 
semi-direct product group K = H y\ G. For elements {h, g) e K, the semi-direct product is 
defined by the group multiplication property 

{hi,gi) ■ (/i2,fl'2) = (/iifi'iMr\fl'ifl'2) • (XI.l) 
In other words, one uses G to act on elements of H before using those elements of H. The 



operation of Eq. (XI.l ) makes sense only if gih2gi e so that elements of the form (/i, /) 



specify an invariant subgroup of K = H >i G. 

Let us verify some basic group properties of the semi-direct product. First, the group is 
^^This is also called a normal subgroup. 
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associative, as can be seen by multiplying three elements in both possible orders: 

iihi,9i) ■ (/i2,fi'2)) ■ (/isifi-s) = {higih2gi^ , gig2) ■ (h, g^) 

= ih9ih29i^i9i92)h3igig2y^, 919293) = ihigih2g2hg2^g^\ gig2g3) 

{hi,gi) ■ ((/i2,5'2) ■ (hs^g^)) = {hi, gi) ■ (/i25'2/i35'^\ 5'25'3) 

= ih9iih92h392 ^)9l^, 919293) = (^i5'iM2M2"^5'r\ fl'ifl'2fl'3) • (XI.2) 

Next, let us verify that every element has an inverse by solving the equation {hi, gi) ■ (/i2, ^72) = 



(/, /) for {h2,g2)- By Eq. ( |XI.l[ ), we have gig2 = I =^ g2 = 9i \ and higih2gi ^ = I =^ 
h2 = 9i^hi^gi. The latter makes sense because, as stated previously, if g is an element of 
G and h is an element of H, then ghg~^ and g~^h~^g = (ghg^^)^^ are also elements of H. 
Therefore, 

{hi,gi)-igi'h^'gi,g^') = il,l). (XI.3) 
Furthermore, we can verify that the left inverse equals the right inverse: 

i9i'h^'9i,9l') ■ {hi,9i) = {9i'K^9i9i'hi{gl^)-\g^^gi) = (1,1) . (XI.4) 

Thus K = H >i G is a. group. 

XI.2 Z3 X Z3 X Z3 

The cyclic group of order n, denoted is an abelian group generated by the phase Un = 
gj27r/n_ rjj_^g direct product of m such cyclic groups, = Z„ x ... x Z„ (m copies), is an 
abelian group generated by the elements 

c^'^^'-'^-^ = K\^r,-,^r) (XI.5) 

where the pi denote the power to which each phase Un is raised. The group therefore has 
a total of n"^ distinct elements. 

It is possible to represent the group elements (j^'^'^^'-'-'^^^ as diagonal m-by-m matrices 

^ diagK^a;^^ ...,u;r) . (XI.6) 



This is just a trivial repackaging of Eq. (XI.5), stating that each Z„ factor lives in its own 
world. 

We now specialize to the case tt, = m = 3. The group Z3 is generated by the phase 
oj = = e*^''/^, which satisfies = 1, = w*, and 1 + cu + cu^ = 0. The 3-by-3 
diagonal matrices 

fuj 0\ /I 0^ 

..^i?(cr'°))= 1 ,.,^i?(cr'°))= uj 1 , ^ i?(cr'^)^ 

\o 1/ \0 1 
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and their inverses generate three copies of Z13: 

Z^ = {/,Ze,<}, Z^,^{I,Z„Z;} , Zl^{I,Zr,Z:}. (XI.8) 

The matrix products of Ze, z^, and Zr generate the 3-by-3 matrix representation of the direct 
product group 

F = ZlxZ^^xZl (XI.9) 
as described by the general case of Eq. (XI. 6). The 3^ = 27 elements of F are: 



^ r r - . * * * . 

1-' 1 ^ej ^/ij ^Ti 5 ^T) 
ZeZfj,, Z^Zj-, ZrZe, Z^Z^, ^fi^ry ^T^e ) 
Z^Z^j Z^Z^^ Z^Z^^ Z^Z^, Z^Z^^ Z^Z^^ 
Z^Z ^Zf ^ Z ^ZfZf.^ Z^Z^Zp^^ Z^Z ^Z^^ Z pZ^Z^^ Z-j-Z^Z 

z.ZpZr = ul, z:z*z; = (XL 10) 



We emphasize to the reader that we use the compact notation of Eq. (XL 7) to denote the 
3-by-3 direct sum representation for the elements of the group F. We could instead use 
the group elements given in Eq. (XI.5). For example, the equation ZeZ^Zr = ul could also 



be written as ^^^'°'°)(^^°'^'°)(^^°'°'^) = (^oo,u,uj) = a;(l, 1, 1) = ooL In slight abuse of notation, 
the symbol / should be understood as the identity element for whichever representation is 
employed. 

At this stage the matrix representation is just a trivial repackaging of the same informa- 
tion, namely that the different Zg live in different spaces and therefore do not talk to each 
other. However, it is possible to extend the construction such that the different spaces get 
mixed together, and for that purpose the matrix representation will prove convenient. 

XI.3 S(81) = (Z| X X ZD X 

The 3-by-3 representation of Z3 x Z3 x Z3 introduced in the previous section suggests an 
extension that permutes the three Z3 groups. 

Consider a fourth Z3 cyclic group whose elements are written in the (reducible) 3-dimensional 
representationp^ 

Z^=<(/=|0 1 0| , c=|l 0| , a=|0 1\ } . (XI.ll) 






^^This representation is reducible as follows. Let a vector {vi,V2,V3) transform under the 3-dimensional 
representation of Z3. Then the combination V1+V2 +V3 is invariant under Z3, the combination vi +uj V2 +u}*V3 
transforms with the phase u under c, and the combination vi + lo*V2 + ljvs transforms with the opposite 
phase w* under c. Thus the triplet reduces into three singlets: 3 = 1©!'© (I')*- 
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Observe that the elements of transform elements of F into other elements of F, due to 



the properties 











( Ze 




















Zr) 








{Zr 




(X1.12) 



This allows us to define the semi-direct product group ^ 

S(81) = {Zl xZ^x ZD X Z^ . (X1.13) 

Groups of the form x n„, where H is any finite group and n„ is either Sn or a subgroup 
of Sn, are called wreath products of H with fl^. The group of Eq. (XI.13) is therefore called 
the wreath product of Z3 with Z3, and it is a non-abelian finite group of order 3^ = 81. Due 
to Eq. (X1.12), we see that elements of the form {(,1), where ( e F = Z^ x Z'^ x ZJ, and 



where / is the identity element of Z^ , form an invariant subgroup of S(81). Note that the 
elements of S(81) are unitary but have determinant not necessarily equal to 1, meaning that 
E(81) is a subgroup of U{3) but not of SU{3). 

For an example of the group multiplication rule, consider Ze, Zr e F and c,a e Z^ . Then 
the action of {ze, c) e S(81) on {z*, a) e S(81) is given by 

{z„c) ■ {z;,a) = {z,{cz;c-^),ca) = {z,zl,cc-^) = (1,1) t S(81) . (XI.14) 

This also shows that {z*,a) is the inverse of {ze-,c) in S(81). 

XI. 4 Equivalence classes 

It is now possible to separate the elements of S(81) into equivalence classes by explicitly 
performing similarity transformations on all of its 81 elements. 



To do this we will employ the matrices of Eqs. (XI. 7) and (XI. 11), which constitute the 
defining three-dimensional irreducible representation of S(81), which we denote simply by 3. 
Let C e Z3 X Zg X Z3 and cr e Z^. Then the elements (C, u) e S(81) act on a triplet ~ 3 by 
the ordered matrix multiplication given by 

(C,a): i^^^' = Ca^. (XI.15) 

As discussed, the matrices C, and a do not commute, and their order of multiplication is 



specified by the general multiplication rule of Eq. (XI. 1) and the example of Eq. (XI.14) 
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To separate the elements of S(81) into equivalence classes, it will be sufficient to consider sim- 
ilarity transformations of the form g ^ g^g (fi'a)"^; where g'^ = ZaC and g e S(81). Defining 



g^ = Zatt and using Eq. (XI.12), the group inverses of g^ and g^ are found to be 



a-l) 



and 



{gl) 



(g: 



(XI.16) 



F 



23This group is of the form T.{3N^) = {Zn x Zn x Zn) x Z3 with iV = 3, hence the name E(81). 

^■^This is a matter of convention, since (a — aa^^Ca = aC , where (' = a~^(a is also an element of 

= Z| X Z3 X Z3 since F is an invariant subgroup of S(81) — Fx Z^ . 
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For the particular elements {(, cr) = {zp, I) = zp [the last equality denotes the representation 



specified by Eq. (XI. 15)], with /3 = e, /i,r, we have 



faZpi^gl) ^ = 9aZ(3i9a~iy = ZaCZ(sZ*^_^a = ZaCZ/jC ^CZ*^_iC ^ = Z„Z/3+l4 = Zp+i . (XI.17) 

The elements Ze, z^, Zr cycle into each other and form an equivalence class Ca with character 
x{Ca) = tr(ze) =2 + 0;. The conjugate elements z*, z^, z* form another class C* with char- 
acter x(C*) = 2 + uj*. 

The other classes, to be listed below, are deduced as follows. 



Applying the group arithmetic of Eq. (XI.17) to elements of the form ZaZij {a ^ we 



find that they form a class Ca/s with character xiCap) = tr(ze-Z/x) = 1 + 2a;. Their conjugates 
z^z*p form a class C*^ with character x(Q^) = 1 + 2a;*. 

Furthermore, elements of the form ZaZ^ [where (a, /3) = (e, yu), (r, e)] form a class 

Dj^ with character x{Dj^) = tr^ZeZ^) = 1 + a; + a;* =0. Their conjugates z^Zi3 form a 
separate class (Dj^)* with character also equal to zero. 

Next we have elements of the form ZaZ^z* [where (a,/3,7) = (e,/i, r), (r, e,/i), (/i,r, e)], 
which form a class with character xiE^/s) = ^"^{Zf.z^z*) = 2uj + uj* . The conjugates form 
a separate class -E"^ = (-E^^)* with character x{.E"^) = 2aj* + co. 

We also have the element z^Zfj^Zr, which by itself forms a class F with character x{F) = 
tr{zeZ^Zr) = 3u. The conjugate element z*z*^z* forms a class F* with character x{F*) = Sou*. 

The remaining classes are specified by elements defined with the cyclic permutation ma- 
trix c and its inverse a = = c^. These classes will always have character equal to zero, 
since the C e Zg x Zg x Zg are diagonal, while c and a are strictly off-diagonal. 

Consider using the element g'^ to perform a similarity transformation on another element 



(7^. Using Eqs. (XI. 12) and (XI. 16), we have: 



9a fp ifa) ^ = 9a9$i9a-iy = Zc,CZpCzl_^a = Z^CZpC ^ azl_^a = Z„Z/3+i4_2C • (XI.18) 

For example, 9e9'ij,{9e)~^ = ZeZrZ^c. So elements of the form ZaC and ZaZi3Z*c belong to the 
same class, which we call C^. Their conjugates form a separate class, (C^)*. 

Next perform the same transformation on ZnZrC: 

9l{z^Zrc){9l)'^ = ZeCZf,ZrCZ*a = Ze{cZf,c~'^){cZrC~^){az*a~^)c = zlz*^ZrC . (XI. 19) 

Therefore the elements ZeZfj_c, z^j^ZrC^ ZrZeC and zlz*^ZrC,z*^z*ZeC^z*zlz^c belong to the same 
class. But since ZeZrZ*^ = {zlz*z^)* belongs to the same class as z^c = (z^c)*, these elements 
belong to the classes and (C^)* defined previously. 
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Next, consider the similarity transformation by gl of the element z^j_z*c: 

gl{z^zlc){giy^ = ZeCZf,Z*CZ*a = Ze{cZ^C~^){cZ*C~'^){aZ*a~'^)c = ZeZrZlz*^C = ZrZ*^C . (XI.20) 

We see that z^z*c and z^z-rC = {Zfj^z*c)* are related by a similarity transformation and there- 
fore belong to the same class. The elements ZeZ*^c, z^z*c, ZrZ^c and their conjugates form a 
self-conjugate class D^^ ^ = {D'^ ^)*. 

Observe that 

9:{z:z;z;cMr' = z^czlz^zlczla = z,{cz:c-'){cz;c-')icz:c~')iaz;a~')c = z.z^c . (XI.21) 

Therefore z*z'^z*c belongs to the same class Additionally, the element c by itself 

belongs to this class, since ZeCZ~^ = ZeCZ~^c~^c = ZeZ~^c = ZeZ^c. 

The above elements but with c replaced by a form their own classes, following the same 
procedure as above. Thus we also have the classes C^, (C^)*, and ^ = {D^ 



In total, including the identity element as its own class Cj, we have: 

cj, c„, c:, c^p, c:^, Dj, {Dfr, ei^, {Ei^r,F, f*, c^, {ci)\ di \ ci, {c:r, di ^ . 

(XI.22) 

This makes a total of ric = 17 equivalence classes. 
XI. 5 Irreducible representations 

We now use the defining triplet representation to find other irreducible representations. 
Let (f = (v?e, fr) be a field that transforms under the defining triplet representation. 



and consider the group element g = {ze,I). According to Eq. (XI. 15), the action of g on ip 
is given by {ze, I) : ip ^ ZeP, or in components 



(XI.23) 















hi 













Letting x = (XcjXm'Xt) ~ 3 be another triplet field, we can use Eq. (XI.23) to decompose 
the product px ~ 3 (8> 3 into irreducible representations. We have: 

l^eXe\ /uJ^PeXe\ /v'/xXtX /Vf^Xr^, ( ^rXA /^rX/x 

(Ze,/) : <^mXm ft^Xf, , ^rXe ^ (^^rXe , ^eXr ^ (^^eXr 

yPrXrj \ VtXt j yPeXtJij \^^eX,,/ \^f,Xe/ \(^^i,Xe 

(XI.24) 

Since u}"^ = u*, the first of these transforms as the conjugate 3* of the defining representation. 
The second transforms differently from 3 and 3*, and therefore defines a new triplet repre- 
sentation, 3'. The third transforms in the same way as the second, and so also transforms 
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under 3'. 



Thus we arrive at the multiphcation rule 

3 ® 3 = 3* © 3; © 32 
where, in terms of the components of ^9 ~ 3 and x ~ 3, this reads exphcitly 

\VrXr 



(XL25) 





(XL26) 



If desired, it is possible to change basis by symmetrizing and antisymmetrizing the new 
triplets 3'j, in which case we write 3'^ © 32 = 3^ © ?>'g. 



Next consider the product (px* ~ 3 © 3*. Using Eq. (XI.23) and its conjugate, we find 



(^eX*e\ f^eX*e\ (VrXl\ ( ^rX^ \ [^,^X*r\ ( ^pXX 

{Ze, I) : ^^X^ ^ </?^X^ , VeX*r ] ^ ^^^r ' '^rXl ^ ^*VrXl 

\VrX*r) \^rX*rJ \V f.X*e ) \^*'{'f.X*e) \PeX*J \^ ^eX^ , 

(XI.27) 

The first triplet is invariant under the and is therefore reducible under the generators of 
= {/, c, a] using the usual decomposition 3 — )■ 1©!' ©(!')*. The second triplet transforms 
differently from 3, 3*, 3', and (3')*, and therefore defines another irreducible triplet, 3". The 
third triplet transforms under the conjugate representation, (3")*. 



Thus we arrive at the multiplication rule 

3 ©3* = 1©!'© (!')*© 3" ©(3" 

given in components by 

^eX*e + V^.Xl + VrXr 
VeX*e+^Vp^Xl+^*'{'rX*r 
VeX*e+^*Vl.Xl + ^VrX*r. 



(XI.28) 





(XI.29) 



The square brackets denote that the three components transform reducibly as distinct singlet 
representations, as discussed. 

Next let ~ 3 as before, but introduce a triplet ■i/' ~ 3' that transforms under [ze-, I) as 
specified by Eq. (XI.24): ip — )■ diag(l, w, w)?/^ = z^z^-ip. Forming the product ipip ~ 3 © 3', 
we find: 






(XI.30) 
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Comparing to Eq. (XI. 27), we see that the second and third triplets of Eq. (XI. 30) transform 
as (3")* and 3", respectively. 



The first triplet of Eq. (XL 30) transforms differently from all of the triplets considered pre- 



viously. Since all components transform with the same phase, this triplet is reducible into 
singlets. Moreover, since these singlets transform nontrivially under the action of the {za, I), 



indicating that they are distinct from the singlets 1' and (!')* of Eq. (XI. 28). 



Thus we have the multiplication rule 

3® 3' = 

given in components by 



1 © 1' © 1" © 3" © (3")* 




(XI.31) 



(XI.32) 



As for Eq. (XI. 29), the square brackets in Eq. (XI.32) indicate that the first triplet is re- 
ducible as follows. The singlet ipei'e + ^fi'^ii + V^t'^t ~ 1 transforms with uj under (zq,, I) but 
is invariant under (/,c). The singlet (pe'4'e + ^ ffj.'ipfj. + ^*fT'4'T ~ 1' transforms with the phase 
u under both {z^, I) and (/, c). The singlet v^eV'e + ^*Vni^n + ^ '^ri^r ~ 1" transforms with 
the phase u under {za, I) but with the opposite phase u* under (/, c). 

Each of these non-invariant singlets is complex, so overall we have 1', 1,1', 1", and their 
conjugates, which along with the invariant 1 makes a total of 9 distinct singlets. The group 
elements acting on the these representations are given in Table [Tj 



S(81) 






1 


1 


1 


r 


1 


OJ 


1 


U 


1 


V 


OJ 


OJ 


1" 


OJ 


OJ* 



Table 1: Elements of S(81) acting on the distinct singlet representations. The 
1 is invariant under all elements of the group. The other singlets are not 
invariant under group transformations, and they are complex. 



Let ip ^ 3' and C, ~ 3". The transformation properties under the action of {ze, I) are 
given by Eqs. (XI.24) and (XI.27) as — )• z^j^Zrip and ^ — )■ z^z*^. The components of the 
product 



3' © 3" transform as: 







UJ*A^fi 



(XI.33) 
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The first triplet of Eq. (XI. 33) transforms as 3*, and the second as 3'. The third transforms 
differently from 3, 3', 3" or their conjugates, and therefore specifies a new complex irreducible 
triplet, 3'". 

Therefore we find the multiplication rule 

3' 3" = 3* © 3' © 3"' (XI.34) 



which in components reads 





(XI.35) 



Thus far we have found the irreducible triplets 3, 3', 3", 3"', and their conjugates, making a 
total of 8 distinct triplets. The group elements acting on these triplets is given in Table [2] 



S(81) 




iz,J) 




3 






Zr 


3' 


Z^Zj- 


Z-j- 


ZeZ^i 


3" 




ZrZl 


ZeZ^ 


3/// 


^eZ^Z^ 




ZtZ^Z^ 



Table 2: Elements of S(81) acting on the irreducible complex triplet represen- 
tations. The representation denoted by 3 is the defining representation, whose 
3-by-3 matrices were used to derive the properties of the group. 



A convenient way to denote the content of Table 2 is to label the components of the four 
triplets as follows: 

~ 3 =^ = (0e, 0r) 

/l ~ 3' =^ h = {hf,r, Ke, he/,) ~ (0^0r, 0T0e, ^e^^t) 

X ~ 3" ^ X = (x/, xj, x;) ~ (0.0;, 0^0:) 

C ~ 3'" =^ C = {Ce'\ C/^ Cr^n ~ (^e^^:, M*r€, <f>r€<l^;) ■ (XI.36) 

Fields with one lower index a = e, fi,T transform under the defining 3-dimensional represen- 
tation, and fields with one upper index transform under the conjugate 3*. Fields with two 
indices (either two lower, or one lower and one upper) are organized cyclically: "/le" = hf^r, 
"/i^" = hre, and "/;,,-" = hefj,. Fields with one lower and two upper (and the conjugate case 
of one upper and two lower) are organized according to the "odd index out": "Ce" = Ce'^^; 
"C;." = C/^ and "Cr" = C/^ 

This notation makes it easy to carry out group multiplication and decompose products into 
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irreducible representations. For example, using the notation of Eq. (XI. 36) and the transfor- 
mation rules of Tables [l] and |2} we can easily decompose the product of the defining triplet 
3 with itself Fl or with 3', 3" and 3"': 



3(g)3 



3® 3'' 





3* © 3; © 3'2 (XI.37) 



1" © 3" © (3 













f^rh 



























3 ©3" 





(XI.38) 

(3')* © (3"')* 

(XI.39) 



3 ©3" 




+ 



~ i* © (!')* © (1")* © 3" © (3")* 
Similarly, we can decompose the product of 3 with any of the conjugate triplets: 




(XI.40) 



3 ©3* 




J © 0"^ 




+ 



+ 



//\* 




1' © (!')* © 3" © (3") 



(XI.41) 



3 © (3')' 





3i 



(XI.42) 



3 © (3" 



3 © (3" 




3 © (3')* © (3'' 



(XI.43) 



3' © 3;" 



^^In Eq. (XI.37 1 the prime on 0' denotes that it is a different field from 
as the defining 3 representation. 



(XI.44) 

but both fields still transform 
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Next, we have 3' times itself, 3", and 3'": 



3'® 3' 



3' ® 3" 



KeKe 



fJ,T 



en J 




h h' 




(hreXr' 




3' ® 3" 



We also have 3' times its conjugate, (3")*, and (3'")*: 



(3')* © (3;")' 



3* ® 3' ® 3" 



3 © (3;)= 



© (3^")* 
(XI.45) 

(XL46) 

© (3^)* 
(XI.47) 



3' (g) (3')' 




1' © (1')* © 3" © (3")' 



(XI.48) 



3' ® (3")' 



"/IT 



.h 



Xfj, 

Y ^ 




KrXr' 
\hreX/ 



3' © 3"' 

(XI.49) 



3' ® {ry 




VCV+ ^ f^reere+ ^^Kf^Ce^, 



~ r © (17 © (1")* © 3" © (3")* 

Next, we decompose the product of 3" with itself and with 3"': 



3"® 3" 




3" (g) 3" 




Ar At 

Ae Ae 

V ^ 
A/i 



^X/j, Ce 



A// Ae 
Ar A^ 
v,Ae Ar 



Xe C/i 
A/i Sr 



e A/i 

/ e 



A// Ar 



V,Ar Ae 



^-reC ^r 

(XI.50) 



kXr^'Ce 



X/i 
X '^C '^'^ 



(3;')* © (32)* © (33)'' 

(XI.51) 

~ 3* © 3' © 3'" 

(XI.52) 
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In contrast to the other triplet multiphcations so far, the product of 3" with its conjugate 
reduces to the nine singlets: 









\Xji 


3" ® (3")* ~ 1 




H 






Kx;) 




{X'e'' 



We also have: 





(X/) 






3" ® (3"')* ~ 1 




H 


C re 











Ar Au I Ae Ar ' An Ae 



e ' fi 
fi Ae 

Xr''xj.^+ ^ Xe^x'/+ W*X/Xe^ 
Xr''xl.^+ t^*Xe^Xr''+ ^ X^fx'e''. 

■y f^-y ^ _|_ -y ''"•y A'' _|_ -y ^-y 

At Ar ' Ae Ae ' A^ A^ 
X/Xr'+ Xe^Xe''+ 
Xr^Xr'+ ^*Xe'"x'e''+ ^ X/X^^. 

X/^-y _j_ -y '^•y _j_ -y ^-y ^ 
T Ae ' Ae Ayj, ' A,j_i A,t 

X/X'/+ W Xe^X^^+ '^*X/Xr' 

.Xr^xl''+ W*Xe^X^^+ t^X/Xr' 



Lastly, we compute the product of 3'" with itself and with its conjugate: 



^ 1 
^ 1' 

^ r 
^ (1')* 

^ 1' 
^ 1" 





(XI.53) 



3 © (37 © (3'")* 
(XI.54) 




(3'")* © 3i © 32 
(XI.55) 



3"' © (3" 





/• /xrA/e I A re 
^e ^ ^r'^fj, 



S re 



' Sr S e/i 



Ce^^CV+<''C";e+^*Cr^'^C% 



re 



+ ^Cr^'^re;.j 



1' © (1')* © 3" © (3")* 



' re /-It 



S e^ 



Cr ^ fiT 
vSe S re 



/■ re/-/e 

(XI.56) 



Finally, observe that 

9 X 1^ + 8 X 3^ = 81 and 9 + 8 = 17 (XI.57) 

so that the theorem X]i"=i'^i — ^1 is satisfied with di = 9, = 8, all other dt = 0, and 
ric = 17. 

Therefore we have accounted for all of the irreducible representations of S(81). The character 
table is given in Table |3j 
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Class 


# elts. 


x(i) 


x{i') 


x(i) 


x{i') 


x(i") 


X(3) 


X(3') 


X(3") 


X{3"') 


x(i'*) 


x(i*) 


x(i'*) 


x{i"*) 


X(3*) 


X(3'*) 


X(3"') 


X(3"'*) 


Ci 


1 


1 


1 


1 


1 


1 


3 


3 


3 


3 


1 


1 


1 


1 


3 


3 


3 


3 




3 


1 


1 


UJ 


w 


UJ 


2 + uj 


\ + 2uj 





UJ + 2uj* 


1 


UJ 


+ 


LJ 


2 + UJ* 


1 + 2uj* 





UJ* + 2lj 




3 


1 


1 


uj" 


UJ* 


UJ* 


2 + uj* 


1 + 2uj* 





UJ* ~\- 2uj 


1 


UJ 


UJ 


UJ 


2 + UJ 


1 + 2ij 





LJ + 2lj* 




3 


1 


1 


UJ* 


UJ* 


UJ* 


1 + 2u 


2uj + UJ* 





3 


1 


UJ 


UJ 


UJ 


1 + 2uj* 


2uj* + UJ 





3 




3 


1 


1 


UJ 


UJ 


UJ 


1 + 2uj* 


2uj* + UJ 





3 


1 


UJ* 


UJ* 


LJ * 


1 + 2uj 


2lj + UJ* 





3 


D g 


3 


1 


1 


1 


1 


1 








^UJ 





1 


1 


1 


1 








3uj* 





(-D i^r 


3 


1 


1 


1 


1 


1 








3uJ* 





1 


1 


1 


1 








3lj 







3 


1 


1 








2uj + UJ* 


2 + UJ* 





1 + 2uj 


1 










2 + UJ 





1 + 2uj* 




^ 






* — 


^ 


— 


2u + u; 


2 + LJ 


" 


1 + 2uj 










2uj + 'uj* 

UJ +UJ 


2 + UJ 


" 


1 + 2u; 
















3^; 




3 














3lj 


3 




F' 


1 


1 


1 


1 


1 


1 


'iuj* 


3tij 


3 


Zuj 


1 


1 


1 


1 


3lj 


3uj* 


3 


3uj* 


c'i. 


9 


1 




UJ 


UJ 


1 
















UJ 




1 
















9 


1 






UJ 


1 














UJ 


UJ 


LJ* 


1 
















9 


1 


bj 


1 


UJ 


UJ* 
















1 


UJ 


UJ 
















9 


1 


UJ* 


UJ 


1 


u* 














UJ 


UJ* 


1 


UJ 














eg* 


9 


1 


UJ 


UJ* 


1 


UJ 
















UJ 


1 


LJ * 
















9 


1 


UJ* 


1 


UJ* 


UJ 














UJ 


1 




LJ * 















Table 3: Character table for S(81). The phase u = e*^'"/^ satisfies u"^ = = 1, and = 0. 

The elements in each class can be inferred by comparing the index notation to the representations 
in Tables ID and [2 
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